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a b s t r a c t
In this paper we present a general method to construct caps in higher-dimensional
projective spaces. As an application, for q ≥ 8 even we obtain caps in PG(5,q) larger than
the caps known so far, and a new class of caps of size (q+ 1)(q2 + 3) for q ≥ 7 odd.
© 2009 Elsevier B.V. All rights reserved.
1. Introduction
In a finite projective space (P,L) = PG(d, q) a subset C of points is called a cap if no three points of C are collinear. Caps
with many points are interesting both from a geometrical point of view and to obtain good linear codes. Whereas for d ≤ 3
there is a complete overview of caps with a maximal number of points for d > 3 only few examples are known for which
the maximum number of points is reached (cf. [4]). Therefore it is of great interest to show the existence of large caps.
After characterizing a cap as a union of caps in lower-dimensional subspaces (cf. Corollary 2), we introduce a method to
construct caps with many points (cf. Proposition 4).
By applying such a method we show first in Section 3 the existence of caps C in PG(5, q) for q ≥ 8 even, with cardinality
|C | = (q + 2)(q2 + 1) + q + 1 (cf. Corollary 8), thus improving the best result so far (cf. [1], p. 23). Then in Section 4 we
construct caps C in PG(5, q) for q ≥ 7 odd with |C | = (q+ 1)(q2+ 3). Caps of this size for all qwere already constructed by
Bierbrauer and Edel in [2], but these caps are not projectively equivalent to ours (cf. Proposition 13).
2. A characterization of caps
Let (P,L) = PG(n, q) be a finite Desarguesian projective space of order q and dimension dim P = n ≥ 2. For a subset
X ⊂ P of points let X denote the subspace of (P,L) spanned by X . For a finite set {x1, . . . , xm} ⊂ P we write x1, . . . , xm
instead of {x1, . . . , xm}, in particular, x1, x2 denotes the line joining x1 6= x2, and x1, x2 = {x1} for x1 = x2.
For any subspace T of (P,L) and any point x ∈ P denote Tx = T ∪ {x}.
In the following let T , U be two non-empty complementary subspaces of (P,L). Let piT : P → U, x 7→ Tx ∩ U denote
the projection of P \ T with centre T onto U .
Lemma 1. Let B ⊂ U. For every b ∈ B let Kb ⊂ Tb be a cap. Then C := ⋃b∈B Kb is a cap iff for any three collinear points
a, b, c ∈ B the union Ka ∪ Kb ∪ Kc is a cap.
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Proof. Clearly, if C is a cap then for any three points a, b, c ∈ B the union Ka ∪ Kb ∪ Kc is a cap.
Assume that for any three collinear points a, b, c ∈ B the union Ka ∪ Kb ∪ Kc is a cap. Let x1, x2, x3 ∈ C be three different
points. Then there exists bi ∈ Bwith xi ∈ Kbi (i = 1, 2, 3).
If the points x1, x2, x3 are collinear or, x3 ∈ x1, x2, then b3 = piT (x3) ∈ piT (x1, x2) = b1, b2, and |x1, x2 ∩ (Kb1 ∪ Kb2 ∪ Kb3)|= 3, contradicting the fact that by assumption Kb1 ∪ Kb2 ∪ Kb3 is a cap. 
Corollary 2. Let C ⊂ P be a subset of points with C 6⊂ T . For b ∈ B := piT (C) let Kb := Tb ∩ C. Then the following statements
are equivalent:
(i) C is a cap.
(ii) For all b1, b2, b3 ∈ B with b3 ∈ b1, b2 the union Kb1 ∪ Kb2 ∪ Kb3 is a cap.
Proof. Clearly, (i) implies (ii).
(ii)⇒ (i): For b ∈ Bwe have b ∈ b, b, hence Kb = Kb ∪ Kb ∪ Kb is a cap by assumption (ii). Thus (i) follows by Lemma 1.

If for example dim P = 3, T ,U are skew lines and C is an ovoid then B = piT (C) = U .
Lemma 1 yields a construction for caps.
We say that a cap C is constructed over B ⊂ U if it is the union of a family of caps {Kb | b ∈ B}with Kb ⊂ Tb for b ∈ B.
Corollary 2 shows that every cap is constructed over a certain subset B.
The problem however is to find suitable sets B ⊂ U and suitable families {Kb | b ∈ B} of caps to obtain new caps. If B ⊂ U
is a cap the caps Kb ⊂ Tb can be chosen arbitrarily with the only restriction that all caps Kb meet T in the same set (cf. [3]).
The example above shows that Bmay contain lines; so B is not necessarily a cap.
Let B 6= ∅. Then there exists a cap K ⊂ Bwith |K | = max{|X | | X ⊂ B, X is a cap}.
In the next two propositions we consider the case that B consists of a cap and of an additional point.
Proposition 3. Let K ⊂ U be a cap, a ∈ U \ K and let B = K ∪ {a}. For any point b ∈ B let Kb ⊂ Tb be a cap. Assume that the
family {Kb | b ∈ B} of these caps has the following two properties:
(a) For c1, c2 ∈ K the union Kc1 ∪ Kc2 is a cap.
(b) For c1, c2 ∈ K with c2 ∈ a, c1 the union Kc1 ∪ Kc2 ∪ Ka is a cap in T ∪ {a, c1}.
Then C :=⋃b∈B Kb is a cap with |C | =∑b∈B |Kb \ T | + |⋃b∈B Kb ∩ T |.
Proof. Since K is a cap, for any three different collinear points b1, b2, b3 ∈ B we have that a ∈ {b1, b2, b3}. Hence
Kb1 ∪ Kb2 ∪ Kb3 is a cap by (b). For b1, b2 ∈ B the union Kb1 ∪ Kb2 is a cap by (a) and (b). Thus, by Lemma 1, we obtain
the assertion. 
Proposition 4. Let K ⊂ U be a cap in U, let x, y ∈ K , x 6= y and let a ∈ x, y \ {x, y}. Let G ∈ L be a line with T ∩ G = ∅
and let KG ⊂ T ∪ G be a cap and let g1, g2, g3 ∈ G be three different points of G. Denote t = |{b ∈ K | b, a ∩ K = {b}}| and
Kgi = KG ∩ Tgi for i = 1, 2, 3. Then there exists a cap C in (P,L) with
|C | = 1
2
(|K | − t)(|Kg1 \ T | + |Kg2 \ T |)+ t|Kg1 \ T | + |Kg3 \ T | + |(Kg1 ∪ Kg2 ∪ Kg3) ∩ T |.
Proof. Let n = |K |. Because of x, a ∩ K = {x, y} we have t ≤ n − 2. Let x1, . . . , x n−t
2
, y1, . . . , y n−t
2
, z1, . . . , zt ∈ K with
K = {x1, . . . , x n−t
2
} ∪ {y1, . . . , y n−t
2
} ∪ {z1, . . . , zt} and a ∈ xi, yi for i = 1, · · · , n−t2 .
Since there exists a collineation γ : P → P with γ (T ) = T and γ (g1) = x1, γ (g2) = y1 and γ (g3) = awe may assume
g1 = x1, g2 = y1, g3 = a.
For i ∈ {2, . . . , n−t2 } let ci = x1, xi ∩ y1, yi 1 and γi : T ∪ {x1, y1} → T ∪ {xi, yi}; x 7→ ci, x ∩ T ∪ {xi, yi} the central
projection from T ∪ {x1, y1} onto T ∪ {xi, yi}with centre ci.
Then Kxi := γi(Kx1), Kyi := γi(Ky1) and Ka are caps contained in the cap γi(KG).
For j ∈ {1, . . . , t} let dj ∈ x1, zj\{x1, zj} anddenote δj the central projection from T ∪ {x1, a} onto T ∪ {zj, a}with centre dj.
Then Kzi := δi(Kx1) and Ka are caps contained in the cap δi(KG).
Since the restriction of γi to T is the identity on T we have Kxi ∩ T = KG ∩ T = Kyi ∩ T for i = 1, . . . , n−t2 . Likewise,
Kzj ∩ T = KG ∩ T for j = 1, . . . , t . Hence for any two points u, v ∈ K the union of the caps Ku and Kv is a cap. Thus condition
(a) of Proposition 3 is fulfilled.
As the caps Kxi , Kyi and Ka lie on the cap γi(KG), condition (b) of Proposition 3 is also fulfilled and thus the assertion
follows by Proposition 3. 
Remark. Clearly, to obtain the largest cap by Proposition 4 we have to choose a numbering of the points gi such that
|Kg1 | ≥ |Kg2 | ≥ |Kg3 |.
1 Note that x1, y1 ∩ xi, yi = a.
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3. Examples constructed over sets B consisting of a cap and of one additional point
Let (P,L) be a finite projective space of dim P = n ≥ 3 and order q. Let F = GF(q) denote the Galois field of order q. In
this section let T ∈ L be a line and U a complementary subspace.
Proposition 5. Let K ⊂ U be a cap with n := |K | ≥ 2. Then there exists a cap C with
|C | =
{
4n+ 1 for q = 3
(q+ 1)(n+ 1) for q > 3.
Proof. Let q > 2. Let x, y ∈ K , x 6= y and a ∈ x, y \ {x, y}. Denote G := x, y. In the solid2 T ∪ G there exists an ovoidO with
T ∩ O = ∅. For g ∈ G let Kg := O ∩ Tg .
If q = 3 then there exist exactly two points g1, g2 ∈ G, g1 6= g2 with |Kgi | = 4 (i = 1, 2) and for g3 ∈ G, g3 6= g1, g2 we
have |Kgi | = 1.
If q > 3 then there exist three different points g1, g2, g3 ∈ Gwith |Kgi | = q+ 1.
Because of T ∩ O = ∅ and |Kg1 | = |Kg2 | = q+ 1 we have 12 (|K | − t)(|Kg1 \ T | + |Kg2 \ T |)+ t|Kg1 \ T | = n(q+ 1) and|Kg3 \ T | = |Kg3 | = 1 and= q+ 1 for q = 3 and q > 3, respectively.
Thus we obtain the assertion by Proposition 4. 
For q even, q ≥ 8 we can improve this result. To do this we will use the following lemma.
Lemma 6. Let q be even, q ≥ 8 and let dim P = 3. For every elliptic quadric O ⊂ P there exist three different planes E1, E2, E3
which have in common an external line of O such that Oi := O ∩ Ei is an oval for i = 1, 2, 3 and O1 ∪ {e1} ∪ O2 ∪ {e2} ∪ O3 is
a cap where e1 and e2 are the nuclei of O1 and O2, respectively.
Proof. We coordinatize (P,L) with V = F 4 s.t. the tangent planes of O at the points F∗(0, 0, 1, 0)3 and F∗(0, 0, 1, 1) have
the equations x4 = 0 and x3 + x4 = 0, respectively. Then there exists a quadratic form Q : F × F → F with Q (x, y) 6= 0 for
(x, y) 6= (0, 0) s.t.
O = {F∗(x, y,Q (x, y)+ 1, 1) | (x, y) ∈ F × F} ∪ {F∗(0, 0, 1, 0)}.
For α ∈ F let [α] denote the plane defined by the equation x3 + αx4 = 0, hence [α] = {F∗(ξ1, ξ2, α, 1) | ξ1, ξ2 ∈
F} ∪ {F∗(ξ1, ξ2, 0, 0) | ξ1, ξ2 ∈ F , (ξ1, ξ2) 6= (0, 0)}. The line {F∗(ξ1, ξ2, 0, 0) | ξ1, ξ2 ∈ F , (ξ1, ξ2) 6= (0, 0)} is an external
line of O contained in every plane [α].
We have O ∩ [α] = {F∗(ξ1, ξ2, α, 1) | ξ1, ξ2 ∈ F , Q (ξ1, ξ2) = α + 1}. Hence, |O ∩ [α]| = 1 iff α + 1 = 0, i.e. α = 1.
For α 6= 1 the point α˜ := F∗(0, 0, α, 1) is the nucleus of the oval Sα := O ∩ [α].
Consider the cone Cα :=⋃x∈S0 α˜, x.
(1) Cα ∩ O = S0 ∪ Sα2 for α 6= 1.
Proof. Let x = F∗(ξ1, ξ2, 0, 1) ∈ S0, hence Q (ξ1, ξ2) = 1. Then α˜, x = {F∗(λξ1, λξ2, (1 + λ)α, 1) | λ ∈ F} ∪
{F∗(ξ1, ξ2, α, 0)}.
For y = F∗(η1, η2, η3, 1)we get
y ∈ O ∩ α˜, x, y 6= x⇔ ∃λ ∈ F , λ 6= 0, 1 s.t.(λξ1, λξ2, (1+ λ)α, 1) = (λξ1, λξ2, λ2Q (ξ1, ξ2)+ 1, 1) = (λξ1, λξ2, λ2 + 1, 1)
⇔ ∃λ ∈ F , λ 6= 0, 1 with (1+ λ)α = λ2 + 1 = (1+ λ)2, i.e. λ = α + 1⇔
y = F∗((α + 1)ξ1, (α + 1)ξ2, (1+ α + 1)α, 1) = F∗((α + 1)ξ1, (α + 1)ξ2, α2, 1).
Because of Q ((α + 1)ξ1, (α + 1)ξ2) = (α + 1)2Q (ξ1, ξ2) = α2 + 1 we obtain
y ∈ O ∩ α˜, x, y 6= x⇔ y ∈ Sα2 ∩ α˜, x.
Hence Cα ∩ O \ S0 ⊂ Sα2 .
Conversely, for y = F∗(η1, η2, α2, 1) ∈ Sα2 , i.e. Q (η1, η2) = α2 + 1, we get x = F∗((α+ 1)−1η1, (α+ 1)−1η2, 0, 1) ∈ S0
since Q ((α + 1)−1η1, (α + 1)−1η2) = (α2 + 1)−1Q (η1, η2) = 1, and then y ∈ α˜, x. This proves Sα2 ⊂ Cα .
(2) For α, β ∈ F with α, β 6= 0, 1, α 6= β, β 6= α2, α 6= β2 the union C := Sα ∪ {α˜} ∪ Sβ ∪ {β˜} ∪ S0 is a cap.
Proof. Let x, y ∈ C, x 6= y.
If x, y ∈ [α] or x, y ∈ [β] or x, y ∈ [0] then C ∩ x, y = {x, y}.
For x, y ∈ Sα ∪ Sβ we have α˜, β˜ 6∈ x, y, hence C ∩ x, y = {x, y}.
For x ∈ S0, y ∈ Sβ we have α˜ 6∈ x, y by (1) since β 6= α2, hence C ∩ x, y = {x, y}. The same holds for x ∈ S0, y ∈ Sα .
For x = α˜, y ∈ Sβ we have x, y ∩ S0 = ∅ by (1), hence C ∩ x, y = {x, y}. The same holds for x = β˜, y ∈ Sα .
2 i.e. the three-dimensional subspace.
3 F∗ = F \ {0}
3158 H.-J. Kroll, R. Vincenti / Discrete Mathematics 310 (2010) 3155–3161
For x ∈ S0, y = α˜ we have x, y ∩ Sβ = ∅ by (1), and β˜ 6∈ x, y, hence C ∩ x, y = {x, y}. The same holds for x ∈ S0, y = β˜ .
Finally, α˜, β˜ ∩ (S0 ∪ Sα ∪ Sβ) = ∅, hence α˜, β˜ ∩ C = {α˜, β˜}.
(3) There exist α, β ∈ F with α, β 6= 0, 1, α 6= β, β 6= α2, α 6= β2.
Proof. Let α be a generator of the cyclic group F∗ and β := α3. Because of q ≥ 8 the elements α, β fulfill the assertion.
Now (2) and (3) imply the assertion. 
Remark. Since the three nuclei are collinear it is not possible to add the third nucleus of O3 and still obtain a cap.
Theorem 7. Let q be even, q ≥ 8 and let K ⊂ U be a cap with n := |K | ≥ 2. Then there exists a cap C ⊂ P with
|C | = (q+ 2)n+ q+ 1 points.
Proof. Let x, y ∈ K , x 6= y, a ∈ G := x, y, a 6= x, y. Let O be an elliptic quadric in T ∪ G with O ∩ T = ∅. By Lemma 6
there exist three different planes E1, E2, E3 which have an external line L in common s.t. KG := O1 ∪ {e1} ∪ O2 ∪ {e2} ∪ O3 is
a cap where Oi = O ∩ Ei is an oval (i = 1, 2, 3) and ei is the nucleus of Oi (i = 1, 2).
Since the automorphism group of T ∪ G acts transitively on the set of lines of T ∪ Gwe may assume T = L.
Put gi := Ei ∩ G (i = 1, 2, 3). Then Kgi = KG ∩ Ei = Oi ∪ {ei} for i = 1, 2 and Kg3 = O3. Then Proposition 4 yields the
assertion. 
Corollary 8. For q even, q ≥ 8 there exist caps C in PG(5, q) with |C | = (q+ 2)(q2 + 1)+ q+ 1.
4. Examples of caps constructed over sets B consisting of an ovoid and two additional points
Let (P,L) be a finite projective spacewith dim P ≥ 3 and let (V, F) be a vector space representing (P,L). As above denote
T ,U complementary subspaces.
Let B ⊂ U and K ⊂ B a cap with |K | = max{|X | | X ⊂ B, X is a cap}.
In the case B = K ∪ {a} then any point x ∈ K is contained in at most one collinear 3-set of B.
If |B \ K | = 2 then every point x ∈ K is contained in at most two collinear 3-sets of B.
Let B = K ∪ {a, b}with a 6= b.
If no point x ∈ K is contained in two collinear 3-sets of Bwe put Ba := {x ∈ K | |a, x ∩ K | = 3} and B′ := B \ (Ba ∪ {a}).
Construct caps Ca and Cb over Ba ∪ {a} and B′ as in the proof of Proposition 4. Then Ca ∪ Cb is a cap.
If there exists a point x ∈ K with |x, a ∩ K | = |x, b ∩ K | = 2 the situation becomes more difficult.
To handle this case it seems useful to consider the following involutions of a cap. Let C be a cap and u ∈ P \ C . Then
uˆ : C → C, x 7→ y if u, x ∩ C = {x, y} is an involution.
Let γ := bˆaˆ. For x ∈ K let x2i := γ i(x) for i = 0, 1, . . . and x2i−1 := aˆγ i−1(x) for i = 1, 2, . . .. Then there exists a minimal
j ∈ Nwith x2j = x = x0.
To construct a cap according to Lemma 1 we have to find caps Ka ⊂ Ta, Kb ⊂ Tb and Kxh ⊂ Txh s.t. Ka ∪ Kx2i ∪ Kx2i+1 and
Kb ∪ Kx2i+1 ∪ Kx2(i+1) are caps for i = 0, 1, . . . , j− 1.
Note that {x = x0, x1, . . . , x2j−1} is the union of the 〈γ 〉-orbit of x = x0 and the 〈γ 〉-orbit of x1 = aˆ(x).
In the following we will show that for dim P = 5, dim T = 1 and therefore dimU = 3 we succeed in constructing a cap
over an elliptic quadric and two additional points.
Lemma 9. Assume dim P = 3. Let O ⊂ P be an elliptic quadric and let a, b ∈ P \ O two different conjugate points with
a, b ∩ O = ∅. Then we have:
(1) γ := bˆaˆ is an involution.
(2) |Fixγ | = 2
(3) For x ∈ O \ Fixγ the following are equivalent:
(i) {x, γ (x)} = {aˆ(x), γ aˆ(x)}
(ii) a, x ∩ O = {x} or b, x ∩ O = {x}
(4) Let a, b ∈ V with a = F∗a, b = F∗b. For p ∈ O \ Fixγ we have:
(a) If p = aˆ(p) then there exist v ∈ V and β ∈ F \ {0, 1,−1} with p = F∗(v+ b), bˆ(p) = F∗(βv+ b).
(b) If p = bˆ(p) then there exist v ∈ V and α ∈ F \ {0, 1,−1} with p = F∗(v+ a), aˆ(p) = F∗(αv+ a).
(c) If p 6= aˆ(p), bˆ(p) then there exist v1, v2, v3, v4 ∈ V and ζ1, ζ2, ζ3 ∈ F∗ with
p = F∗(v1 + a), v1 + a = v4 + b
aˆ(p) = F∗(ζ1v1 + a), ζ1v1 + a = ζ1v2 + b
γ (p) = F∗(ζ2v2 + b), ζ2v2 + b = ζ2v3 + a
aˆγ (p) = F∗(ζ3v3 + a), ζ3v3 + a = ζ3v4 + b.
Proof. (1) follows from the fact that a, b are conjugate with respect to O.
(2) For x ∈ Fixγ we have x = bˆaˆ(x), hence bˆ(x) = aˆ(x) ∈ a, x∩ b, x, thus x = bˆ(x) = aˆ(x) since a, b∩O = ∅. Conversely,
for x ∈ O with a, b, x ∩ O = {x}we obtain γ (x) = x.
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Hence |Fixγ | = 2 as there are exactly two different planes through a, bmeeting O in exactly one point.
(3) (i)⇒ (ii): We get aˆ(x) = x or aˆ(x) = γ (x) = bˆaˆ(x) = aˆbˆ(x) because of (1), hence x = bˆ(x). Thus a, x ∩ O = {x} or
b, x ∩ O = {x}.
(ii)⇒ (i): Let a, x∩O = {x}, hence aˆ(x) = x and thus {x, γ (x)} = {aˆ(x), γ aˆ(x)}. Let b, x∩O = {x}. Then bˆ(x) = x, hence
γ (x) = bˆaˆ(x) = aˆbˆ(x) = aˆ(x) and therefore {x, γ (x)} = {aˆ(x), γ aˆ(x)}.
(4) We may assume V = F 4, a = F∗(1, 0, 0, 0), b = F∗(0, 1, 0, 0) and O = {F∗(ξ , η,Q (ξ , η), 1) | ξ, η ∈
F} ∪ {F∗(0, 0, 1, 0)}, where Q (ξ , η) = ξ 2 + νη2 and−ν ∈ F∗ \ F (2).4 Let a = (1, 0, 0, 0), b = (0, 1, 0, 0).
For p = F∗(ξ , η,Q (ξ , η), 1) ∈ O we have aˆ(p) = F∗(−ξ, η,Q (ξ , η), 1) and bˆ(p) = F∗(ξ ,−η,Q (ξ , η), 1).
(a) There exist v1, v2 ∈ V∗ with F∗vi ∈ b, p with F∗v1 6= F∗v2, F∗vi 6∈ O and p = F∗(vi + b). Then there exist
β1, β2 ∈ F∗ \ {1} with bˆ(p) = F∗(βivi + b). As β1 6= β2 we get β1 6= −1 or β2 6= −1. If β1 6= −1 put v = v1 and
β = β1 otherwise v = v2, β = β2.
(b) follows analogously to (a).
(c) As p 6= aˆ(p), bˆ(p) then ξ, η 6= 0 follows. Since q ≥ 5 there exists λ ∈ F∗ with λ 6= 12ξ−1, 12η−1 and λ−1 6= 2(ξ + η).
From ζ1 = (1 − 2λξ)−1, ζ2 = (1 − 2λ(ξ + η))−1, ζ3 = (1 − 2λη)−1 and v1 = (λξ − 1, λη, λQ (ξ , η), λ), v2 =
(−λξ, λη− 1+ 2λξ, λQ (ξ , η), λ), v3 = (λξ − 1+ 2λη,−λη, λQ (ξ , η), λ), v4 = (λξ, λη− 1, λQ (ξ , η), λ)we obtain the
assertion. 
Proposition 10. In (P,L) = PG(5, q), q odd, q ≥ 7 there exists a cap C constructed over an ovoid enlarged by two conjugate
points with |C | = (q+ 1)(q2 + 3).
Proof. Let T ∈ L andU a solid complementary to T . LetO be an elliptic quadric inU and a, b ∈ U \O two different conjugate
points. Denote B := O ∪ {a, b}.
Let T and U be the vector subspaces of V representing T and U , respectively. Then V = T⊕ U.
Because of DimT = 2 there exists a quadratic form Q : T→ F with Q (x) 6= 0 for x 6= 0.
(1) Let v,w ∈ U be linearly independent and v := F∗v, w := F∗w. Let G := v,w. ThenOG := {F∗(x+(Q (x)−1)v+w) |
x ∈ T} ∪ {F∗v} is an elliptic quadric in the solid T ∪ G.
For a point g = F∗(ζv+ w) ∈ G we have Tg = {F∗(x+ ζv+ w) | x ∈ T} ∪ T , hence Tg ∩ OG = {F∗(x+ ζv+ w) | x ∈
T, Q (x)− 1 = ζ } is an oval if ζ 6= −1. Then Tg ∩ OG ⊂ Tg \ T .
To prove our claim it needs to construct a family of ovals {Kp | p ∈ B} s.t. for collinear points x, y, z ∈ B the union
Kx ∪ Ky ∪ Kz is a cap (cf. Lemma 1).
Let a, b ∈ Uwith a = F∗a, b = F∗b. Put Ka := {F∗(x+ a) | x ∈ T, Q (x) = 1} and Kb := {F∗(x+ b) | x ∈ T, Q (x) = 1}.
In order to construct the ovals Kx for x ∈ O we consider the mapping γ := bˆaˆ. For x ∈ O let denote D(x) :=
{x, aˆ(x), γ (x), aˆγ (x)} the union of the 〈γ 〉-orbits of x and aˆ(x). Then P := {D(x) | x ∈ O} is a partition of O. Let R ⊂ O be a
system of representatives for P .
Let r ∈ R. According to Lemma 9 it is |D(r)| ∈ {1, 2, 4}.
1. If |D(r)| = 1 we choose an arbitrary oval Kr in Tr with Kr ∩ T = ∅.
2. If |D(r)| = 2 then aˆ(r) = r or bˆ(r) = r by Lemma 9.
Let aˆ(r) = r . ThenD(r) = {r, bˆ(r)}. By Lemma 9(4)(a) there exist v ∈ U and β ∈ F∗ \{1,−1}with r = F∗(v+b), bˆ(r) =
F∗(βv+ b). By (1) Or,b = {F∗(x+ (Q (x)− 1)v+ b) | x ∈ T} ∪ {F∗v} is an ovoid containing the oval Kb. Put Kr := Tr ∩Or,b
and Kbˆ(r) := Tbˆ(r) ∩ Or,b. Then Kr and Kbˆ(r) are ovals not meeting T by (1).
If bˆ(r) = r then by interchanging a and bwe find ovals Kr and Kaˆ(r) on an ovoid containing the oval Ka.
3. If |D(r)| = 4 then r 6= aˆ(r), bˆ(r). By Lemma 9(4)(c) there exist v1, v2, v3, v4 ∈ V and ζ1, ζ2, ζ3 ∈ F∗ s.t.
r = F∗(v1 + a), v1 + a = v4 + b
aˆ(r) = F∗(ζ1v1 + a), ζ1v1 + a = ζ1v2 + b
γ (r) = F∗(ζ2v2 + b), ζ2v2 + b = ζ2v3 + a
aˆγ (r) = F∗(ζ3v3 + a), ζ3v3 + a = ζ3v4 + b.
As q ≥ 7 there exists % ∈ F∗ with % 6= −ζ1,−ζ2,−ζ3,−1 =: −ζ4.
For i = 1, 3 letOi := {F∗(x+%(Q (x)−1)vi+a)}∪{F∗vi} and for j = 2, 4 letOj := {F∗(x+%(Q (x)−1)vj+b)}∪{F∗vj}.
Then O1,O2,O3,O4 are ovoids by (1) and we have Ka = O1 ∩ O3, Kb = O2 ∩ O4 and Kaˆ(r) := O1 ∩ Taˆ(r) ={F∗(x+ %(Q (x)− 1)v1 + a) | x ∈ T, %(Q (x)− 1) = ζ1} = O2 ∩ Taˆ(r) since ζ1v1 + a = ζ1v2 + b and Kaˆ(r) ⊂ Taˆ(r) \ T .
Because of ζ2v2 + b = ζ2v3 + a, ζ3v3 + a = ζ3v4 + b and ζ1v1 + a = ζ1v2 + bwe have likewise
Kγ (r) := O2 ∩ Tγ (r) = O3 ∩ Tγ (r) ⊂ Tγ (r) \ T ,
Kaˆγ (r) := O3 ∩ Taˆγ (r) = O4 ∩ Taˆγ (r) ⊂ Taˆγ (r) \ T ,
Kr := O4 ∩ Tr = O1 ∩ Tr ⊂ Tr \ T .
As %−1ζi 6= −1 the caps Kaˆ(r), Kγ (r), Kaˆγ (r) and Kr are ovals.
4 F (2) = {λ2 | λ ∈ F∗}.
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Now we show (ii) from Corollary 2. Let x, y, z ∈ B be collinear. If |{x, y, z}| ≤ 2, then we may assume x = y, hence
Kx ∪ Ky ∪ Kz = Kx ∪ Kz is a cap since Kx ∩ T = ∅ = Kz ∩ T . If |{x, y, z}| = 3 then a ∈ {x, y, z} or b ∈ {x, y, z} and we may
assume z = a or z = b. Then y ∈ D(x) and by construction Kx ∪ Ky ∪ Kz is contained in an ovoid, thus a cap.
By Lemma 1, C :=⋃p∈B Kp is a cap. Because of Kp ∩ T = ∅ for all p ∈ Bwe get |C | = (q+ 1)(q2 + 3). 
5. On a class of examples of caps in PG(5, q) constructed by Bierbrauer and Edel
Let F be a finite field and V = F 6. Consider the vector subspaces T1 = F × F × {0} × {0} × {0} × {0}, T2 =
{0}× {0}× F × F ×{0}× {0}, G = {0}× {0}× {0}× {0}× F × F and the vectors v = (0, 0, 0, 0, 1, 0), a = (0, 0, 0, 0, 0, 1).
Furthermore, for i = 1, 2 let Qi : Ti → F be a quadratic form s.t. Qi(x) 6= 0 for all x ∈ Ti, x 6= 0.
In the projective space (P,L) derived from the vector space (V, F) let
C1 = {F∗(x+ Q1(x)v+ a+ y) | x ∈ T1, x 6= 0, y ∈ T2, Q2(y) = Q1(x)},
C2 = {F∗(a+ x) | x ∈ T1, Q1(x) = 1} ∪ {F∗(v+ x) | x ∈ T1, Q1(x) = 1},
C3 = {F∗(a+ y) | y ∈ T2, Q2(y) = 1} ∪ {F∗(v+ y) | y ∈ T2, Q2(y) = 1}.
Then C = C1 ∪ C2 ∪ C3 is by [2] a cap with |C| = (q+ 1)(q2 + 3).
We will show that for q = |F | odd, q ≥ 7 these Bierbrauer–Edel caps are not projectively equivalent with the caps
constructed in the proof of Proposition 10. To do this we use the following
Lemma 11. Assume q odd. Let T be a line, U a solid with T ∩ U = ∅ and pi : P \ T → U the projection with centre T . Denote C
a conic in the plane E. Then we have
(1) If T ∩ E = ∅ then pi(C) is a conic.
(2) If |T ∩ E| = 1 then pi(C \ T ) is collinear and
|pi(C \ T )| =

q− 1
2
+ 2 if T ∩ E is an outer point of C
q if T ∩ E ∈ C
q+ 1
2
if T ∩ E is an inner point of C .
(3) If T ⊂ E then pi(C \ T ) is a point.
Proof. (1) follows from the fact that the restriction pi |E of pi to E is injective if T ∩ E = ∅.
(3) follows from the fact that E ∩ U is a point if T ⊂ E.
(2) As |E ∩ T | = 1 then there exists a line X ⊂ E with T ∩ X = ∅. Therefore pi(X) is a line and the restriction pi |E\T is the
projection of E \ T to pi(X)with centre T ∩ E.
Thus we get on the one hand that pi(E \ T ) = pi(X) is a line and on the other hand the statement on the cardinality of
pi(C \ T ). 
In the following let T1, T2 andG denote the subspaces of (P,L) associatedwith T1, T2 andG, respectively and set a := F∗a,
v := F∗v.
For i = 1, 2 consider the subspace Ui = Ti ∪ G and the elliptic quadric Oi = {F∗(x+ Qi(x)v+ a) | x ∈ Ti} ∪ {F∗v} in Ui.
For u = F∗u ∈ U2 we have u ∈ T2 ⊕ G and the span of T1 and u is the plane T1 ∪ {u} = {F∗(x+ u) | x ∈ T1} ∪ T1.
For u = F∗(y+ Q2(y)v+ a) ∈ O2 with y ∈ T2, u 6= a, v the conic
C1,u := {F∗(x+ Q2(y)v+ a+ y) | x ∈ T1, Q1(x) = Q2(y)}
= {F∗(x+ Q1(x)v+ a+ y) | x ∈ T1, Q1(x) = Q2(y)}
is the intersection of C with the plane T1 ∪ {u}: C1,u = T1 ∪ {u} ∩ C = T1 ∪ {u} ∩ C1.
Note that C1,u ∩ T1 = ∅.
Interchanging 1 and 2 shows that for u ∈ O1, u 6= a, v we have T1 ∪ {u} ∩ C = T1 ∪ {u} ∩ C1 =: C2,u is a conic not
meeting T2.
Because of a, v 6∈ T1 ∪ T2 we have T1 ∪ {a}∩ T2 ∪ {a} = a and T1 ∪ {v}∩ T2 ∪ {v} = v. Hence, by definition of C2 and C3,
for i = 1, 2 the intersection Ti ∪ {a} ∩C = {F∗(x+ a) | x ∈ Ti, Qi(x) = 1} =: Ci,a is just a conic in Ui as Ti ∪ {v} ∩C =: Ci,v
not meeting Ti.
Thus from the above we obtain
Proposition 12. For {i, k} = {1, 2} we get
C =
⋃
u∈Ok
Ci,u ∪ Ck,a ∪ Ck,v.
Proposition 13. Let q ≥ 7. Then C is not projectively equivalent to a cap constructed over a subset B = O ∪ {a, b} where O is
an ovoid and a, b ∩ O = ∅.
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Proof. Let T be a line, U a solid with T ∩ U = ∅, and let piT : P \ T → U be the projection onto U with centre T . According
to Corollary 2 it is enough to show that the image piT (C) does not consist of an ovoid and two additional points a, b with
O ∩ a, b = ∅.
1. If T = T1 we may assume U = U2. Then piT (C) = O ∪ C2,a ∪ C2,v by Proposition 12, hence |piT (C)| > q2 + 3.
Likewise, for T = T2 we have |piT (C)| > q2 + 3.
2. Let T intersect one of the planes E = T1 ∪ {u} with u ∈ O2 or E = T2 ∪ {u} with u ∈ O1 in exactly one point. Then
E ∩ C is a conic by Proposition 12, and piT (E ∩ C) is collinear by Lemma 11 and |piT (E ∩ C)| ≥ q+12 ≥ 4. Then piT (C) cannot
consist of an ovoid O and two points a, bwith O ∩ a, b = ∅.
3. Assume T ∩ T1 ∪ {u} = ∅ for all u ∈ O2 and T ∩ T2 ∪ {U} = ∅ for all u ∈ O1 Then, by Proposition 12 and Lemma 11,
piT (C) is a union of conics. If there exists an ovoid O and two points a, b ∈ P \O with piT (C) = O ∪ {a, b} then there exists
a conic C with a ∈ C , hence q− 1 ≤ |O ∩ C | ≤ q. Thus C = C ∩ O because of |C ∩ O| ≥ q− 1 ≥ 6 and therefore a ∈ O, a
contradiction to the assumption a 6∈ O. 
References
[1] J. Bierbrauer, Large caps, J. Geom. 76 (2003) 16–51.
[2] J. Bierbrauer, Y. Edel, Recursive constructions for large caps, Bull. Belg. Math. Soc. Simon Stevin 6 (1999) 249–258.
[3] H.-J. Kroll, R. Vincenti, Construction of caps by means of caps in complementary subspaces, Discrete Math. 309 (2009) 497–500.
[4] L. Storme, J.A. Thas, S.K.J. Vereecke, New upper bounds for the sizes of caps in finite projective spaces, J. Geom. 73 (2002) 176–193.
